Keywords: Discrete-event dynamic systems Model matching problem Semirings This paper studies "fixed zeros" of solutions to the model matching problem for systems over semirings. Such systems have been used to model queueing systems, communication networks, and manufacturing systems. The main contribution of this paper is the discovery of two fixed zero structures, which possess a connection with the extended zero semimodules of solutions to the model matching problem. Intuitively, the fixed zeros provides an essential component that is obtained from the solutions to the model matching problem. For discrete-event dynamic systems modeled in max-plus algebra, a common Petri net component constructed from the solutions to the model matching problem can be discovered from the fixed zero structure.
Introduction
A semiring can be understood as a set of objects not all of which have inverses with respect to the corresponding operators. There are many examples of this special algebraic structure, such as the max-plus algebra [3] , the min-plus algebra [4] , and the Boolean semiring [9] . Systems over semirings are systems evolving with variables taking values in semimodules over a semiring. Intuitively, such is called an exact sequence if Im f = Kerg. Since Im f is not the same as the proper image f (A) for the R-semimodule morphism f , the sequence is said to be a proper exact sequence if f (A) = Ker g. For the module case, the image of f , Im f , is the same as the proper image f (A), so every exact sequence of modules is also proper exact. Lemma 1 [20] . Given an R-semimodule B and its sub-semimodule A, the following sequence (2) in Fig. 1 ).
Model matching problem for systems over a semiring

Systems over a semiring
Systems over a semiring R are described by the following equations:
where x is in the state semimodule X, y is in the output semimodule Y , and u is in the input semimodule U, which are all assumed to be free. 
The star operator A * for an n × n matrix mapping A : X → X is defined as
where the operator X is induced from the state semimodule X, and I n×n denotes the identity matrix mapping from X to X. The transfer function G(z), as defined in Eq. (6) , is of course in a natural way an
R(z)-morphism from the R(z)-semimodule U(z) to the R(z)-semimodule Y (z).
Transfer functions are considered as R(z)-morphisms in the definitions of the MMP and the solution existence conditions. In other parts of the paper, however, the mappings may be taken as
Model matching problem
The model matching problem has two cases as shown in Fig. 2 . Given two transfer functions
the model matching equation
is satisfied, which is illustrated in the commutative diagrams of Fig. 2 .
Zero semimodules and extended zero semimodules
Zero semimodules of input and output type
This section extends the concepts of the zero modules and the extended zero modules introduced by Wyman and Sain in [24] to the semimodule case. 
The quotient structure of the R[z]-semimodule Z I (T(z)) is obtained by means of the Bourne relation.
Intuitively, the zero semimodule of input type consists of the polynomial outputs produced by the inputs with poles. The poles of the inputs are canceled by the zeros of the plant, hence, the zero semimodule Z I (T(z)) leads to the discovery of the plant's zeros. In the zero semimodule Z I (T(z)), the polynomial outputs produced by the inputs without poles are removed, because they cannot discover the plant's zeros.
Definition 2.
The zero semimodule of output type for a given transfer function T(z) :
The operator C(z) is the binary operator in C(z) induced by the operator C in C. Intuitively, the zero semimodule of output type consists of the inputs with poles, which produce outputs without poles. The poles in the inputs are canceled by the zeros of the plant, therefore, the zero semimodule Z O (T(z)) leads to the discoveries of the plant's zeros. The zero semimodule of output type removes the kernel of the transfer function T (z) and the polynomial inputs because they will not help to discover the zeros of the plant.
In 
It can be seen that any element in Ker p 1 is also in Ker (p 2 • T ). Using the Factor Theorem, there exists a
and it is defined by the action
semimodule epimorphism from the zero semimodule of output type to the zero semimodule of input type.
The Γ -zero semimodule
. When Ker T is not unit, the nature of the Γ -zero semimodule can be characterized by the following short exact sequence:
where
-semimodule morphisms α and β by the ac-
The morphism α is induced by the insertion from Ker T to T −1 (ΩY). The morphism β is induced by the identity map from
A sketch of the proof for the exact sequence in Eq. (12) is shown as follows. By the definition of Ker α,
Hence, α has a unit kernel. To prove that the sequence in Eq. (12) is exact at Z Γ (T(z)), we only need to show that Im α = Ker β. By the definition, we have
where c(z) ∈ T −1 (ΩY) .
Ker T , which can be proved by Lemma 3, we have the exactness at Z Γ (T(z)), namely Im α = Ker β. Therefore, the sequence in Eq. (12) is exact.
Lemma 3. Given A, B, and C, three sub-semimodules of an R-semimodule X with an operator , and A ⊂ C,
the following equality
holds if C is subtractive.
Therefore, the equality holds.
In the module case, the short exact sequence in Eq. (12) means that the Γ -zero semimodule 
Γ (T(z)) inherits this same property. As a divisible module over R[z], Γ (T(z)) is injective; and so its image under injection into Γ (T(z))
is a direct summand. This conclusion follows from Theorem 3.20
and Proposition 4.24 in [7] . In the semimodule case, this short exact sequence does not split, so we can not understand the Γ -zero semimodule as the direct sum of two components Γ (T(z)) and Z O (T(z)).
The Ω-zero semimodule
This R[z]-semimodule is finitely generated, because ΩY is finitely generated. If the proper image 
T(z)) is a sub-semimodule of Z Ω (T(z)), and there exists a natural inclusion from Z I (T(z)) to Z Ω (T(z)), with the cokernel as Ω(T(z)) = ΩY/{ΩY ∩ T (C(z))}. Thus, there is a short exact sequence of R[z]-semimodules and R[z]-semimodule morphisms:
This sequence is exact because of the exact sequence of Eq. (4) in Lemma 1. In the module case, the splitting lemma implies that the short exact sequence in Eq. (15) splits from both sides, i.e., there
exists a morphism t : Z Ω (T(z)) → Z I (T(z)), such that t • i is the identify map on Z I (T(z))
, and on the other hand, there exists a morphism u :
(T(z)). Moreover, Z Ω (T(z)) is isomorphic to the direct summand of the Z I (T(z)) and Ω(T(z)). The reason is that the module Ω(T(z)) is torsion-free. A finitely generated, torsion-free module over the principal ideal domain R[z], Ω(T(z))
is a free module from Lemma 3.19 in [7] . From Theorem 3.20, the sequence splits. In the semimodule case, however, the sequence in Eq. (15) 
does not split, so Z Ω (T(z)) is not isomorphic to the direct summand of the Z I (T(z)) and Ω(T(z)).
Relation between Γ -zeros and Ω-zeros
In the module case, the zero semimodules of input and output type are isomorphic to each other, so there exists an exact sequence connecting the Γ -zero semimodule and the Ω-zero semimodule.
However, in the semimodule case, there is no direct connection between them without further assumptions on the transfer function T (z). If the transfer function T (z) is steady, then we can establish a similar relation between Γ -zeros and Ω-zeros as in the module case.
Theorem 2. Given a steady or k-regular transfer function T (z) : C(z) → Y (z), the Γ -zero semimodule Z Γ (T(z)), and the Ω-zero semimodule Z Ω (T(z)). There exists an exact sequence
e → Γ (T(z)) α −→ Z Γ (T(z)) φ −→ Z Ω (T(z)) p −→ Ω(T(z)) → e(16)
of R[z]-semimodules and R[z]-semimodule morphisms.
Proof. From Eqs. (12) and (15), we have established the exact sequences of
and 
Factor Theorem 1 [2, pp. 50] states that for a surjective k-regular morphism satisfying the kernel inclusion condition, there exists a morphism to complete the commutative diagram. To verify this inclusion condition Ker p 1 ⊂ Ker (p 2 • T ) , we use the kernel definition to obtain 
The next question is whether or not the sequence is exact at Z Γ (T(z)) and Z Ω (T(z)), namely whether Ker φ = Im α and Ker p = Im φ. By the kernel definition, it can be seen that Ker φ = Im α, which means the exactness at Z Γ (T(z)). To prove the exactness at Z Ω (T(z)), we use the kernel and the image definitions to obtain
The inclusion Ker p ⊂ Im φ is trivial, by viewing y (C(z) ). Therefore, we have Ker p = Im φ, which means the exactness at Z Ω (T(z)). Hence we proved the sequence in Eq. (16) is exact under the steadiness assumption on the transfer function T(z).
In summary, this section studies a relation between the Γ -zero and Ω-zero semimodules, which play a crucial role in the study of the fixed zeros of the solutions to the MMP.
Fixed zeros structure for the model matching problem
This section generalizes the study of fixed zeros for the solutions to the MMP by Sain et al. [18] to systems over a semiring R.
Fixed zeros of the solution M(z) to T (z) = P(z)M(z)
Define an R[z]-semimodule Z(T, P) as follows:
This form, though a Bourne-type semimodule, is otherwise identical to the form in [18] , for modules. 
Proof. Recall that the Ω-zero semimodule of M(z) is
The R[z]-semimodule morphism β Ω (z) can be established by the following commutative diagram:
−→e
Using the Factor Theorem, there exists a unique
By the kernel definition, we obtain the kernels of the natural projection p 1 and the morphism p 2 • P(z) shown in the following equations
If we apply P(z) to the element u(z) ∈ Ker p 1 , we obtain
Therefore, any element u(z) in Ker p 1 is also in Ker p 2 • P(z). The mapping β Ω (z) is an epimorphism because p 2 • P(z) is surjective. Therefore, there exists an R[z]-epimorphism between the Ω-zero semimodule of M(z), Z Ω (M(z)), and the fixed zero semimodule, Z(T, P).
In the remainder of the section, we will give a description of the fixed zero semimodule Z(T, P) in terms of the Ω-zero semimodule and the pole semimodules of the transfer functions T (z) and P(z).
Consider an R(z)-semimodule morphism [T(z) P(z)] : C(z) × U(z) → Y (z) with the action [T(z) P(z)] : (c(z), u(z)) → T (z)c(z) Y (z) P(z)u(z).
The pole semimodules of output type for the transfer functions T (z) and [T(z) P(z)], respectively, are
Recall that the Ω-zero semimodules of T (z) and [T(z) P(z)], respectively, are
The following theorem characterizes the fixed zero semimodule Z(T, P) using short exact sequences of the pole semimodules and the Ω-zero semimodules.
Theorem 3. If we are given two transfer functions T(z) : C(z) → Y (z), P(z) : U(z) → Y (z), and the solution M(z) : C(z) → U(z) to the model matching equation T(z) = P(z)M(z), there exist R[z]-semimodules
Z 1 and P 1 , which are defined below, such that the following three sequences are exact:
.
The morphism φ has a unit kernel if T(ΩC) is subtractive, in which the last sequence becomes the following
short exact sequence,
Proof. The first exact sequence in Eq. (23) is proven by using the exact sequence of Eq. (4) (24) can be proved by the following commutative diagrams:
where j is an inclusion and Id is an identity map. 
In order to prove Ker p 2 ⊂ Ker p 3 • Id, we obtain that the kernels of the natural projection p 2 and of the morphism p 3 • Id, respectively, are
Therefore, the morphisms α and β are defined by the actions α :
The last step is to show that the second sequence in Eq. (24) 
is exact at X O ([T(z) P(z)])
, namely Ker β = Im α. This conclusion can be proved by the definition, that is, At this point, we have shown that the second sequence in Eq. (24) is exact.
The existence of the R[z]-semimodule morphisms φ and ψ in the third sequence Eq. (25) can be proved by the following commutative diagrams.
T(ΩC) Y (z) P(ΩU)
Therefore, the morphisms φ and ψ are defined by the actions described in the following equations:
φ :
To prove the sequence in Eq. (25) is exact, we only need to show the exactness at Z(T, P), namely Ker ψ = Im φ. By the definitions, we have
they can be understood asȳ 1 (z) andȳ 2 (z) in the definition of Ker ψ. Therefore, the equality Ker ψ = Im φ holds, and the sequence in Eq. (25) is exact. The remaining question is that whether or not the kernel of φ is a unit semimodule. By the definition,
If T (ΩC) is subtractive, then this kernel is equal to the unit element in Z 1 . Hence, we obtain the short exact sequence in Eq. (26).
In the module case, the sequences in Eqs. (23)- (26) in Theorem 3 are always proper exact. Moreover, the morphism φ has a unit kernel, because T(ΩC) is subtractive. In the semimodule case, the sequences are in general exact but not proper exact. Moreover, unlike the module case, the fixed zero semimodule Z(T, P) can not be understood as a direct summand of Z 1 and P 1 .
Fixed zeros of the solution P(z) to T (z) = P(z)M(z)
We define an R[z]-semimodule Z(T, M) as follows:
This form, though a Bourne-type semimodule, is otherwise identical to the form in [18] for modules.
This R[z]-semimodule Z(T, M) is called the fixed zero semimodule of the solution P(z) to the model matching equation T(z) = P(z)M(z).
In the next theorem, we will establish the relation between the fixed zero semimodule Z(T, M) and the Γ -zero semimodule of the solution P(z) to the model matching
Proposition 2. If we are given two transfer functions T (z)
: C(z) → Y (z), M(z) : C(z) → U(z),
and the solution P(z) : U(z) → Y (z) to the model matching equation T(z) = P(z)M(z), there exists a unit kernel R[z]-semimodule morphism β Γ (z) from the fixed zero semimodule Z(T, M) to the Γ -zero semimodule Z Γ (P(z)) of P(z), that is, e−→Z(T, M)
Proof. Recall that the Γ -zero semimodule of P(z) is
A unit kernel R[z]-semimodule morphism β Γ (z) is constructed by the commutative diagram
Using the Factor Theorem, such a morphism β Γ (z) exists and has a unit kernel because Ker
). This equality can be directly proved by the definition: Ker
The last equality is true because ΩU is subtractive. The morphism β Γ (z) is defined by the action
In the remainder of the section, we will give a description of the fixed zero semimodule Z(T, M) in terms of the Γ -zero semimodules and the pole semimodules of input type for the transfer functions
T(z) and M(z).
We can obtain similar results in [18] without further assumptions on the given transfer functions. We consider an R(z)-morphism
The following theorem characterizes the fixed zero semimodule Z(T, M) using the pole semimodules of input type and the Γ -zero semimodules of transfer functions T (z) and
. 
Theorem 4. If we are given two transfer functions T (z)
are exact, where the two R[z]-semimodules Z 2 and P 2 are
Proof. The first sequence in Eq. (30) 
where j is an inclusion and Id is an identity map. Using the Factor Theorem, the morphism α exists and has a unit kernel because Ker p 1 = Ker p 2 • j. The morphism β exists because Ker p 2 ⊂ Ker p 3 • Id are satisfied. To prove Ker p 1 = Ker p 2 • j, we use the kernel definition to obtain
We can also prove Ker p 2 ⊂ Ker p 3 • Id using the kernel definition, that is,
Because p 3 • Id is surjective, the morphism β is an R[z]-epimorphism. Hence, the morphism β has a unit cokernel. The two morphisms α and β exist and are defined by the action α :
Therefore, the morphisms φ and ψ exist and are defined by the action described in the following equations:
To prove the sequence in Eq. (32) is exact, we only need to show the exactness at Z(T, M), that is Ker ψ = Im φ. This conclusion can be proved by the kernel and the image definitions: 
The last step is true because T −1 (ΩY) ∩ M −1 (ΩU) is subtractive. So the kernel of φ is equal to the unit semimodule in P 2 . Hence, we can obtain the short exact sequence in Eq. (32).
Notice that, unlike the previous section, we can obtain the exact sequence in Eq. (32) without the subtractive assumption, because T −1 (ΩY) ∩ M −1 (ΩU) ∩ ΩC is already subtractive. In the module case, the sequences in Theorem 4 are always proper exact. In the semimodule case, the sequences are exact but not proper exact. Moreover, unlike the module case, the fixed zero semimodule Z(T, M) can not be understood as a direct sum Z 2 and P 2 , because the sequence in Eq. (32) does not split.
Essential and inessential zeros
Propositions 1 and 2 in the previous section state the relationships between the fixed zero semimodules and the extended zero semimodules of the solutions to the model matching problem. We call the fixed zeros Z(T, P) and Z(T, M) the essential zero semimodules of the solutions to the MMP. In particular, for the model matching problem with an unknown controller M(z), we have the exact sequence:
where C(M) = Ker β Ω (z), which is called the inessential zero semimodule of the solutions to the MMP. For an arbitrary transfer function P(z), the inessential zero semimodule C(M) cannot be easily expressed as a concrete form. However, with proper assumptions, the inessential zero semimodule can be expressed explicitly, shown in the following Corollary. 
Proof. The morphism from C(M) to Z Ω (M)
is an insertion i, therefore, in order to prove the short exact sequence, we only need to show Im i = Ker β Ω . By the kernel and image definitions, we have Notice that the two controllers are not the standard transfer function forms as in Eq. (6), but we can obtain the realization matrices for the following two causal transfer functions related to these two controllers: Moreover, we can model these two systems by Petri nets shown in Fig. 4 . We find out that two Petri net realizations for M 1 (z) and M 2 (z), which are obtained from the two controllers M 1 (z) and M 2 (z), respectively, each contain the same set of components marked in the dashed boxes, which are generated by the essential matrix A fixed .
Conclusion
In this paper, the MMP is studied for systems over semirings, which are used to model a class of discrete-event dynamic systems, such as queueing systems, communication networks, and manufacturing systems. The main contribution of this paper is the discovery of fixed zero structure for solutions to MMP. The fixed zero semimodules provide essential information contained in solutions to MMP. For systems over a semiring, the fixed zeros cannot all be viewed as components in the extended zero structures of the solutions. However, we can still find that parts of the fixed zeros will appear in the extended zero semimodules of the solutions to MMP. For a discrete event system, a common Petri net component obtained from the solutions to MMP can be discovered from the fixed zero semimodules.
